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XIV. On finding the Values of Algebraical Quantities by con- 
verging Seriefes, and demonjirating and extending Propojitions 
given by Pappus and others. By Edward Waring, F.R.S* 
Profejfor of Mathematics at Cambridge. 



Read February 8, 1787* 

SUPPOSE the roots of the equation x b =i=i =0 to be given,, 
where h denotes any whole number or fraction ; to find the 
roots or values of any given algebraical quantity, by eon~ 
verging infinite feriefes. 

i. Let the algebraical quantity be v" (=±= A), then the roots 



of the algebraical quantity will be A" x(a + Av / - 1), A" x 



(/3+//,\/- i)> A" x^-fj/Z-i), &c. where a-\-K\/ ~ i 9 

@ + ps/-~ 1, y + v\/ — 1, &c. are the roots of the equation 
x'dt. 1=0; it will be + 1 if it was — A, and — 1 if + A. 

2. Let the given algebraical quantity be %/ (=t \/ ( =±=A) =*=. 
iy {±=W)±s/ =*= C"— &c), and a + As/^7, a/+x' y/ - i 9 
a" + \"\/ - i , &c. and r -f A s/ — 1 be refpectively one of the 
roots of the equations ^"q=i=o, f-T=i=o,*^i =0, 6cc. and; 



T 



K r =5= 1=0; fubftitute =t:P = ± A" u^B" «'±C" «" dr &c. and 
=!=Q=d=A r x=i=B^x / : ±=C' ; x // d=&c. In the firfl: place let P 

be greater Q, and d=P be +P, then will (P^Q^ (- i)/ r =r 

(P 
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r %r p Ir ~' r 2r 3r 4r p 4 r — t 

v f * p!l^ r " ar * 3 r p 3 lni r * 2r * 

r 

&C. = r±z M) Xv/"^l = ±Lrf=M 



S — 2r 1—3'' 1— 4r "Qi 



S' piU. 1 



V' — 1 » in which cafe the two feriefes =t L and ±M converge, 
and (r + A s/ — 1) x (^L±Mv/- 1) will be a value or root 
-of the given quantity. 

In the fame manner the remaining roots may be deduced. 

2. LetztP be -P, multiply -PrtQ^,/ (-1) into - r 9 
and it becomes PrpQ.^ (— 1) a quantity of the fame for- 
mula as the preceding; let r' + A',/ (- 1) be a root of the 

equation a"" + 1 =0, then will (r' + AV- 1) (±L±M\/- 1) 
= =fc:H / =tK / v / ( - 1) be a root of the given quantity : other- 
wife ; the root may be deduced from the above-mentioned feries 

1 1 1 

byfubftitutinginitfor-(P)" its value P r x ( - i) r , and it will 
become the fame as the preceding. 

3. Let P be lefs than Q^, and the value of (rtPrtQ 

%/'~Z~i ) r may be -deduced from the preceding feries by fubfti- 
tuting in it rf=Q s/ — 1 forP, and ^PforQ: otherwife, iince 

(±P±Q/{- i)) 7 =^7(- 1) x (Q.=pP%/(- OX and 

the root of (Q ryrP'v/ •(■— i)/ r can be deduced by the pre- 
ceding method, which fuppofe U -FM^/ ( - 1) ; multiply this 
root into H±0 v /'(-i), where H + @ </ (- 1) denotes a 
value of the root d= s/ ( - 1), and the quantity refulting will 

be 
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be one value of the given quantity ; the remaining values can 
be deduced by the fame method.. 

la this cafe the given quantity is refolved into a feries 
afcending according to the dimensions of P, and defcending 
according to the dimenfions of Q ; in the former cafe it was 
refolved into a feries afcending according to the dimenfions of 
Q, and defcending according to the dimenfions of P j both the 
feriefes affording the poflible or impoffible parts will always 
converge. 

4. If P=di=Cl, thert Will ( = fc:P = fc:P v /(-l)) ; *=P^ X 

\ r r 1 \ r 1 1 

(±I±/(- l)J 7 =P r X 2 P( i dzs/ ix±zs/~-j) 7 =P 7 X 2 2 ~ X 

4. 2. When P = o, orQ^ = o, then it becomes the firil cafe 

5. Let P = Q, =t=a, where <% has a very fmall ratio toQj 
then will (PdtQy (» i)) r =(PdbPl^V (- i)) r = (P x 

2 * x rr?± av / C-0^' =^ x 2 r ^v 7 (-0±7 XP T X 

I — r ,^ r . _ I — If J — ir 

2™ x 1 v / (-i)x v /(-i)«~— x— xP r n 1 ' x 

i-ir/, N ,, I I — r i-2r .. -n— r - .. _-T7" .. i— 3 



V r ir y v ' 

^/ (- 1) a 3 -f &c In this feries the fame root of the quantity 

s/ ( - I ) is always to be ufed. 

6. If in the given quantity are contained more quantities of 
the above-mentioned kind or their roots; then, by repeating 
the fame operation, can be deduced the roots or values of the 
given quantity. 

Vol. LXXVIL L la 
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In feme cafes the irnpoffible part may vanifh, which may 
be the cafe ia a quantity of the following formula, vi%.- 

\/ a + as/ - b -\- v^iS + jG %/ — ~b-\-^/ a-\-y%? - b + &c. where «, 

jQ, y, &c. denote the zm roots of \/ ~ l . The general princi- 
ples of difcovering the cafes in which this happens have been. 
given in the Meditationes Algebraical 

The roots of the equation x h ztzi~o will be found from, 
common algebra and thefe principles, if h is not greater than 
10 ;; ' or, more generally, if i> = 2 ! x 3'' x 4 ; ' . . io /8 , where /, 
H\ I".. F z denote any whole numbers: or, in general, the 
roots of the above-mentioned equation,, or even of the equa- 
tion i = v±L±iMv/- 1, can be found from tables of fines,. 

The fame principles may be applied to the difcovery of the 
values of exponential; irrational quantities. 

In the Mifcel. Analy. was given, from a fubfKtution 
invented by me and not fimilar to any before given, a refolu- 
tion of equations, which- contains the resolutions of all equa- 
tions before given, and from which the refolutions of fome 
equations, not before delivered, have been added. 

Part II. 1 . Let an equation A = o involving (r) unknown inde- 
pendent quantities be predicated of another equation containing 
the fame quantities, and the demonftration of it be required. 

ill. Reduce both the equations to equations involving inde- 
pendent quantities only; then reduce the two equations to 
one, fo that one of the above-mentioned quantities may be ex- 
terminated, and if there remits- a fel-f-evident equation,, viz-. 
A=Ay or A-A = o, in which the correfpondent terms 
deftroy each other refpeftively ; then the firft equation is juftly 
predicated of the fecond 1 that is,., if the above-mentioned 

equations 
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equations afford the fame value of the quantity exterminated* 
the proposition is true, otherwife not. 

Cor. From thefe principles can be demon ftrated many pro- 
pofition s given by Pappus and others. 

Ex. Let AD = 2 AC ~%x, DE = rf, and EB=:£, where AD* 

DE, and EB, are independent quantities; if ABxBEn 

(2x + a + b) x b — CB x BD = (x + a+b) 

A c DEB (a + V), then will CB=zx + a + b : BD = 

a + b :: AC x CE=xx(x + a) : ADxDE 
z=zxxa. From hence can be deduced the two equations 
(b — a)x=a z + ab and za x (x+a + b) = (a + F) x (x + a) ; re- 
duce thefe two equations to one, fo as to exterminate x, and 

"ft 1 r 

there remits the felf-evident equation (a-F)x — - ( - a % — ab) 

~\rd~ + ab = o, and confequently the propofition is true. 

2. If (j) equations involving (/ + '") unknown and hide* 
pendent quantities be predicated of (/) equations involving the 
above-mentioned quantities : reduce the (t) equations and one of 
the above-mentioned (j) equations to one, fo that (*) unknown 
quantities may be exterminated, and if there refults a felf- 
evident equation, then the above-mentioned equation is juftly 
predicated of the (f) equations ; and in the fame manner we 
may reafon concerning the remaining (s - 1) equations. 



2. 1 



o 



. If one equation is juflly predicated of another, and 
in both the unknown quantity exterminated has only one 
dimenfion ; then the latter equation can be predicated of the 
former ; for in this cafe both equations have only one and the 
fame value of the unknown quantity exterminated. 

3. 2. If the quantity exterminated has more dlmenfions 
than one in the equations,- then the propofition may not gene- 

L 2 rally 
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rally be true ; for the equations may have fome roots the fame, 

but not all, 

Thefe obfervations may be applied to more equations. 

4. From («) given equations a = o, b-~o, £ = 0, &c. can 
eafily be deduced others dependent on them, by finding any- 
direct algebraical functions of the above-mentioned equations, 
that is, <p (a, b, c, &c), which will always = 0; and in like 
manner, from the relation between any lines being given, can 
be deduced innumerable relations between the above-mentioned 
lines, and other lines dependent on them. 

Partlll. 1 .Ratios, which are fuppofed greaterorlefs than others, 
can eafily be transformed into equations, which contain affirma- 
tive and negative quantities : for example, let the ratio a : b be 

greater than the ratio c : d. then will - = -■' — k ; if it be lefs, 

a d 

then will - = - + k, where k denotes an affirmative quantity ; 
and, vice verfd, if - = -, — k, then will the ratio of a : b be 

J a a 

greater than the ratio of c : d, Sec. 

2. If one quantity (a) is affirmed to be greater than another 
b, for a in the given equations fubftitute its value 6 + k; if 
lefs, for write b ~ i, where k denotes an affirmative quan- 
tity. 

3. Reduce the equations, fo as to take away their denomina- 
tors, and the demonftration of the propofition will often very 
eafily follow. 

4. Let X' = - andr = — ; and if P and Q be affirmative, 

let P' and Q^ be affirmative; and, vice verfd,. if negative, ne- 
gative; then, if k be affirmative, will k' alfo be affirmative ; 
the fame alfo may be affirmed, if P and Q have both con- 
trary 
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trary figns to P ; and Q^; but if one has the fame, and the 
other contrary, then will k and k' have contrary figns. 

5. Let fome affirmative quantities be lefs than others, then 
any direct affirmative function of the former, viz. function, 
in which no negative or impoffible quantities or indexes are 
contained, will be lefs than the fame function of the latter. 
The contrary happens when the indexes are all negative, and 
the quantities affirmative as before : for example, let two quan- 
tities be lefs than two others, then the product of the two for- 
mer will be lefs than the product of the two latter. 

Cor. Hence fome quantities may often be known to be 
greater or lefs than others from their direct functions being 
greater or lefs than the fame functions of the others : for 
example, let a* - b % be an affirmative quantity, then will a be 
greater than b. 

6. If one equation or ratio is affirmed on the fuppofi- 
tion that another given one is true, reduce both the equations 
by the methods given above, and from the principles before 
delivered, the propofition will often be evident. 

Hence may be deduced demonftrations to proportions of 
this fort given by Pappus and others. 

Ex. Let the ratio a -f b : b be greater than c + d : d, then 
the ratio b : a — b will be lefs than' d : c — d. 

For, lince the ratio a + b : b is greater than c + d : d, the 
ratio b :a + b will be lefs than d:c-{-d, and confequently 

i f'(i+0- £ f'G + »>+'. whence"- -,= £-,+*, and 

lZ_ _ *—— 4- k, and the ratio b : a-b lefs than d : c-d. 

Ex. 2. Let the ratio of a + i> : c+dbe greater than the ratio 

of a : c , then will the ratio of b : d be greater than the ratio of 

a + b: c+d. By the preceding method convert thefe ra- 

*? tios 



78 Dr. Waking's Obfervations 

c ±l+k= 

a + b a b 



tios into equations, and there refult c — + k = — and - +¥=. 



— - ; and the propofition afferts, that if k be an affirmative 

quantity, k' will alfo be an affirmative quantity. Reduce thefe 
two equations, £o as to take away their denominators, and the 
refulting equations will be ac + ad+a x a + b x kzzac-\-bc and 

ad+bd+a + b . bV ~ be + id, whence k = ~Zf£ an d k' ~ 

a[a + b) 

- ' c ~ a - , and the propofition is evident. 

■.b{a + b)* r r 

Ex. 3. Let a be greater than c, and A, and (a + b) 

x (a - h) — (c + d) x (,r - d), that is, a* -V — c* - d\ then will 

b be greater than d; for a in the equation a 2 — £* — c 2 - d z write 

<:+/', and there refults ick+lf — b 2 — d\ whence b z ~d l is an 

affirmative quantity, and confequently b greater than d. 

Ex. 4. Let, as "in Ex. 1 . the ratio a + b : b be greater than 
c + did, then will bxa — b be lefs than the ration/: c<-d. 
By the preceding method tranflate thefe ratios into the 
two equations — — + k~ — - and -^— — < —~ + k' ', reduce thefe 

1 a+ o c-t a b a 

equations, fo as to take away their denominators, and there 
refult be + bd+a + b x c + dk — ad+bd and da — db = bc — bd+ 

bdk', and confequently k~- — -r-- n an ^ k' — a - ~/ ; butthefe 

- 1 v (a + oj (f+fl) »« 

two fractions which exprefs the values of k and k' have the 
fame numerators,, and their denominators both affirmative; 
therefore, if one k be affirmative, the other k' will alfo be affir- 
mative. 

Cor. From thefe principles can eafily be deduced innumera- 
ble proportions of this fort. Affume two or more ratios, of 
which let fome be fuppofed greater than others ; then, from 
the above-mentioned transformation, by/addition, fubtraction, 
multiplication, divifion, &c. can be found fuch functions of 

the 
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the above-mentioned quantities, that fome may become greater 
than others, and thence may be deduced the proportions above- 
mentioned. 

7. It may not be improper in this place to adjoin a few obferva- 
tions on finding the limits of fo.me quantities in which others 
contained in given equations become negative or affirmative. 

1. Given an. equation, involving. two. unknown quantities »■■ 
andjy; the limits of the quantity y, between which the quan- 
tity x will become affirmative or negative, may be deduced fro m» 
the following principles. 

The quantity x panes from affirmative to negative or from. 
negative to affirmative, either through nothing or infinite; or 
from two impoffible roots it paries to affirmative or negative: 
through two or more equal roots ; and, vice verfd, from affir- 
mative or negative to two or more impoffible roots through 
two or more equal roots. 

Find therefore the values- of r, when x becomes — o, or. 
infinite; and alfo.all the cafes in which two, &c. values of x> 
become equal, that is, when its roots become impoffible; and: 
from thence can be deduced the limits of the quantity^, be- 
tween* which (#) becomes affirmative or negative. 

2.. If # = — be an affirmative quantity, then<P will be affir- 
mative or negative, according as QJs an affirmative or negative- 
quantity, &c. Afl'ume therefore P = o and Q = o, and from,; 
the roots of the refulting equation can be deduced the cafes,., 
in which (x) becomes an affirmative quantity. 

3. If more (n) unknown quantities (x, y t as, v, Sec.) be con- 
tained in a given equation ; then, by the preceding method,, 
find the limits of (z, v, &c), between which (#) becomes an.: 
affirmative or negative quantity, and let the quantities denoting 
the limits contain not more than (n— 1) unknown quantitieb : 

fronii 
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from the above-mentioned quantities or equations expreffing 
the limits, find others denoting their limits, which do not con- 
tain more than (n - 2) above-mentioned quantities, and fo on. 

4. Often from the fubftitution of the limits of given quan- 
tities can be acquired the limits of the remaining one (x). 
Find all the greateft values of the quantity (x) contained be- 
tween the above-mentioned limits, and thence can be deduced 
the limits fought. 

5. If there are given (pi) equations involving^ + 1) or 
more unknown quantities ; then fometimes with, and fome- 
times without, reducing them to others involving more few 
•unknown quantities can be found by the preceding method 
limits ; and from comparing the limits fo acquired can fome- 
times be deduced the limits fought. 

6. If a given function of the unknown quantities (x, y, z f 
&c.) is aflerted to be contained between given limits, when 
other functions of the above-mentioned quantities are contained 
between given limits, and the demoufrration of it is required ; 
from the given equations and the given functions find limits 
of the unknown quantities refpe£tively, and if the latter limits 
are contained between the former, the propofition is generally 
true, otherwife not. 

7. From the above-mentioned principles can be found the 
cafes in which an unknown quantity (x) admits of one or more 
affirmative values. 

8. It appears from the principles before delivered, that the 
finding the number of affirmative and negative roots of a 
given equation neceffarily includes the finding the number of 
its impoffible roots ; and therefore it may not be improper to 
iubjoin fomewhat on what has been done on this fubjeft. 

1. Descartes 
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i. Descartes gave a method of finding the number of affir- 
mative and negative roots of a given equation, when all its 
roots are poffible; but all the roots are very feldom in equa- 
tions of fuperior dimenfions poffible, unlefs when the equation 
is purpofedly made. 

2. It has been demonftrated by others and myfelf, that the 
equation will at leaft have fo many changes of figns from + to 

- , and — to + , as there are affirmative roots, and fo many con- 
tinued progrefles from + t8 + and — to — , as there are ne- 
gative roots. 

3. A rule for finding in general the number of affirmative or 
negative roots in a biquadratic, and in the equation x" + Ax m 
+ B = o, was firft publifhed in the Medit. iUgebr. 

4. Harriot demonftrated a method of finding the num- 
ber of impoffible roots contained in a cubic equation. In 
the year 1757 I fent to the Royal Society a method of finding 
the number of impoffible roots contained in a biquadratic and 
quadrato-cubic equations, and in the equation x"+:Ax' m ±~B~o. 

5. ScHooTENgave a method of finding the number of impoffi- 
ble roots which can be concluded from the deficient terms of are 
equation. Newton gave a rule which often difcovers. the num- 
ber of impoffible roots contained in a given equation. Campbell 
difcovered a new rule on the fame fubjecl. Mr. Maclaurin 
lias added fomewhat more general on thefe fubjects : thefe rules 
may be rendered more general by a principle firft given, in the 
Mifcell. Analyt. viz. multiplying the given equation into 
a quantity x — a or {x — a) x {x — ^), &c. and finding from the 
rule the number of impoffible roots contained in the given 
equation. Similar and more general rules and principles have: 
been added in the Medit. Algebr. Thefe rules, in equations of 
fuperior dimenfions, feldom dlfcover the true number of im- 

Vol. LXXVIL M. poffible; 
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poffible roots. I believe alfo, that I firft gave a rule in the 
Mifcell. Analyt. for finding the number of impoffible roots 
from finding an equation, whofe roots are the fquares &c. 
of the roots of a given equation, which rule in equations 
of fuperior di men lions fometimes finds impoffible roots, 
when Newton's, Campbell's, &c. rules fail, and fails 
when they find them ; and alfo a rule for finding im- 
poffible roots from an equation, whofe roots are the fquares 
of the differences of the roots of the given equation ; this 
rule (as has been obferved by me in -the Mifcell. Analyt. 
and PhilofophicalTranfaclions) always difcovers whether all the 
roots of the given equation are poffible or not ; and the laft term 
of the refuiting equation difcovers alfo, whether o, 4, 8, 12, 
fee. or 2, 6, 10, 14, &c. impoffible roo' s, are contained in the 
given equation ; to which may be fubjoined, if the given equa- 
tion has r poffible and n — r— it impoffible roots, that the num- 
ber of changes of figns from 4- to- and -to 4- in the refuiting 

equation will not be lefsthan r . -^— , and the number of con- 
tinued progreffes from + to + and — to — will not be lefs than t : 
whence, if the number of continued progreffes be t' ', the 
number of impoffible roots will not be greater than ;/, and 
the number of poffible roots not lefs than n — zt' . If the 
number of changes of figns be //, the number of poffible roots 

will not be greater than r', where r' x — ^— is the greater! poffible 

number which does not exceed b', and the number of impoffible 
roots not lefs than n - r' ' . Another rule was, 1 believe, firft given 
by me in the Mifcell. Analyt. 1762, for finding impoffible roots 
by finding an equation whofe roots are %, where x" — px"~ 1 + 
qx~'~~ z - &c. = z, and nx"~ l - n - 1 px"- 1 + n- 2 qx n ~ z - &c. = o. 

Ill 
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la the Medit. Algebr. fomewhat has been added concerning 
impoffible, affirmative, and negative values of the unknown 
quantities in an equation which involves two or more unknown 
quantities ; and alfo was firrr. delivered a rule from the number 
of affirmative, negative, and impoffible roots of an equation 
being known to find the number of impoffible, negative, and 
affirmative roots of' an equation, whofe roots have a given 
algebraical relation to the roots of a given equation ; on which 
two laft fubjecls little, I believe, had been before publifhed. 
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